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We prove a result that extends both Hanner's inequality and the fact that Lq is
2-concave for q - 2 and 2-convex for q ) 2. Q 1996 Academic Press, Inc.
Let m denote a positive measure defined on a s-algebra of subsets
q q .of a set S. For 0 - q - ` let L s L S, m denote the space of all m-
measurable complex-¨ alued functions on S generated by the quasi-norm
1rq
q5 5 < <x s x dm .q H /S
We shall assume, in addition, that there is a subset of S of positive, finite
 q. qmeasure, which means that dim L G 1. An important fact is that L
space is p-concave for p G q, i.e.,
1rp1rpp p p p q5 < < < < 5 5 5 5 5x q y G x q y , x , y g L , 1 . .  .q q q
and p-convex for 0 - p F q, i.e.,
1rp1rpp p p p q5 < < < < 5 5 5 5 5x q y F x q y , x , y g L . 2 . .  .q q q
These two inequalities can be proved in a similar way as it was done in the
w x  qBeauzamy book 1 where he proved only the 2-concavity of L for
q .1 F q F 2 and 2-convexity of L for q G 2 .
The main result in this paper is the following theorem.
< <THEOREM 1. Let w be a complex number with w s 1.
 .a If 1 F p F q F 2, then inequality
5 5 p 5 5 p < 5 5 5 5 < p < 5 5 5 5 < px q wy q x y wy G x q w y q x y w y 3 .q q q q q q
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holds for all real x, y g Lq. If 2 F q F p - `, then the re¨erse inequality
holds.
 . < < ’b If 0 - p - 1, p F q F 2, and Re w F 1r 2 y p , then inequal-
 . qity 3 holds for all real x, y g L .
 .In the case when w s 1 or, what is the same, w s y1 and p s q g
w x  . w x1, 2 inequality 3 was proved by Hanner 2 and in the case when w s 1
 .  . qand p s q g 0, 1 inequality 3 holds only for one-dimensional space L .
w x Theorem 1 with w s 1 for a class of Banach lattices was proved in 5 see
w x.also 3, 4 .
’  x  .In the case when w s i s y 1 and p s q g 0, 2 inequality 3
reduces to
1r21r2 2 22 25 5 5 5 5 5x q y G x q y , 4 . .  .q q q
where x, y g Lq are real-¨ alued, which is in fact equivalent to the 2-
q  .concavity of L , 0 - q F 2. Thus inequality 3 generalizes both Hanner's
 .inequality and inequality 4 . As observed by the referee, Hanner's in-
 .equality holds for all x, y not only real but in the general case the
 .situation is more complicated see Remark 1 .
 .Concerning the assertion b of Theorem 1 we can show that the bound
< < ’Re w F 1r 2 y p is the best possible in the case p s q - 1. Namely,
 .then 3 is just Jensen's inequality for the two-variable function
< 1r p 1r p < p < 1r p 1r p < pf u , ¨ s u q w¨ q u y w¨ u , ¨ G 0 . .  .
 .  . pThis shows that the validity of 3 q s p in a fixed L space with
 p.  .dim L G 2 is equivalent to the convexity of the function f u, ¨ . On the
other hand, by using the binomial formula one finds that
2 2r p 2r pf u , 1 s 2 q p 1 y 2 y p Re w u q o u u ª 0 , .  .  .  .  .
 . .2which implies that f is convex only if 1 y 2 y p Re w G 0.
< <Proof of Theorem 1. From now on we fix p ) 0 and w, w s 1, and
< < ’assume that Re w F 1r 2 y p for 0 - p - 1. We divide the proof into
three steps. The first and the second step are a refinement of the proof
w x  w x.given by Hanner 2 see also 5 . The third step is an exact repetition of
w xsimilar arguments given in 3]5 . The main difficulty is in proving the
lemma below.
w .First step. Consider the function T : R = R ª R , R s 0, q` ,p q q q q
defined by
1rpp p< < < <T x , y s x q wy q x y wy . .  .p
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 .  < < < <.  2 2 .1r2Then T x, y s T x , y s F x , y , wherep p p
2rpp p’ ’ ’ ’< < < <F u , ¨ s u q w ¨ q u y w ¨ . .  .p
 .  < < < <.The equality T x, y s T x , y holds because of the hypothesis that xp p
and y are real-valued.
Second step.
 .  .LEMMA. a The function F u, ¨ is increasing in both ¨ariables u G 0p
and ¨ G 0.
 .  .b If 0 - p F 2, then F u, ¨ is con¨ex on R = R .p q q
 .  .c If 2 F p - `, then F u, ¨ is conca¨e on R = R .p q q
Third step. For 0 - p F q F 2 we have that the function F is convex,p
homogeneous, and increasing in each variable and therefore there exists a
subset A of R = R such thatq q
F u , ¨ s sup au q b¨ : a, b g A . 4 .  .p
 . qHence, for every a, b g A and x, y g L ,
1r22 2T x , y G ax q by .  .p
 .and so by 4
1r22 25 5 5 5T x , y G ax q by .  .q qp
1r22 25 5 5 5G a x q b y . .q q
 .Taking now the supremum over all a, b g A we obtain
1r22 25 5 5 5 5 5T x , y G F x , y .  .q q qp p
5 5 5 5s T x , y . .q qp
 .Finally, by the obvious modification of 2 we obtain
1rpp p< 5 5 5 5 < < 5 5 5 5 <x q w y q x y w y .q q q q
5 5 5 5s T x , y .q qp
1rpp p5 5 5 < < < < 5F T x , y s x q wy q x y wy .  .q qp
1rpp p5 5 5 5F x q wy q x y wy . .q q
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 .For p G q G 2 we use the concavity of F replacing then sup by inf ,p
q2-convexity and p-concavity of L .
Remark 1. If w / 1 and w / y1, 0 - p - 2, then there exist
 .complex-valued x, y such that 3 does not hold. To see this let x be the
 .characteristic function of a set E with 0 - m E - ` and let y s wx.
 .Then 3 would imply
p < < p < < p2 G 1 q w q 1 y w
pr2 pr2pr2s 2 1 q Re w q 1 y Re w , .  .
which is true only for p G 2 or Re w s "1.
 .The above proof shows that a sufficient condition for the validity of 3
q  .  .for fixed complex-valued x, y g L 0 - p F q F 2 is that T x, y Gp
 < < < <.  .T x , y a.e. on S . The analysis of this inequality reduces to consideringp
the function
< iu < p < iu < pH u s 1 q re q 1 y re , .
where p and r are fixed positive numbers. Elementary computation shows
 .that if 0 - p - 2, then H u is strictly increasing for 0 F u F pr2, and
strictly decreasing for pr2 F u F p . Assuming for simplicity that 0 F
arg w F pr2, define the set of complex numbers by
D s Re iu : R G 0, 0 F u F p y 2 arg w . 4w
 .Then from the behavior of the function H we can conclude that T x, y Gp
 < < < <.  . T x , y if and only if x s 0 or yrx g D j yD provided 0 - p -p w w
.2 . Hence we obtain the following extension of Theorem 1, which contains
the complex version of Hanner's inequality.
< <THEOREM 19. Theorem 1 remains true if we assume that w s 1, 0 F
q  .  .argw F pr2 and x, y g L are complex-¨ alued functions such that y t rx t
 .  .g D j yD for almost all t g supp x .w w
Proof of the Lemma. First observe that the case when Re w s 0 i.e.,
.  . 2r p .w s "i is trivial because then we have F u, ¨ s 2 u q ¨ . Thereforep
< <let Re w / 0 and let c s Re w . Our first step is to reduce the discussion
 .of the convexity of F u, ¨ to the case of the one-variable functionp
f t s F t , c y t , 0 F t F c. .  .p
 .  .  .A If f is convex resp. concave , then F is convex resp. concave.p
Indeed if f is convex, then there exists a set B ; R = R such that
f t s sup a q bt : a, b g B , 0 F t F c, 4 .  .
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hence
u q ¨ cu c¨ u q ¨ cu
F u , ¨ s F , s f .p p  /  /c u q ¨ u q ¨ c u q ¨
s sup arc u q ¨ q bu : a, b g B , 4 .  .  .
which implies that F is convex as a supremum of a class of linearp
functions.
 .  .B In order to analyse the function f t we use the equality
1r2’ ’ ’< <u " w ¨ s u q ¨ " 2 u¨ Re w u s t , ¨ s c y t . .
to obtain
2rppr2 pr2’ ’f t s c q 2c t c y t q c y 2c t c y t . .  .  . /  /
Let
s s
g t s 1 q t q 1 y t , s s pr2. .  .  .
Then we have
1rs’f t rc s g 2 t c y t . .  . /
 .C We introduce the new variable r by
’r s 2 t c y t , 0 F t F c. .
Then 0 F r F c. Using the relation
22 2r q c y 2 t s c .
one shows that
2dr
y2 2 2s 4 r c y r . /dt
and
d2 r
2 y3s y4c r .2dt
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 .  .1r sUsing this we deduce from f t rc s g r that
1rsy2 2y1 y3f 0 t rc s 4 s r g r 1rs y 1 g 9 r .  .  .  .
2 2qg r g 0 r r c y r .  .  .
1rsy1y1 2 y3y 4 s c r g r g 9 r . .  .
 .  .  .D Thus sign f 0 t s sign h r , where
2y1 2 y2h r s s 1rs y 1 g 9 r q g r g 0 r r 1 y r c .  .  .  .  .  .
y sy1 g r g 9 r . .  .
By direct computation one finds that
sy22 2 y2h r s 4 s y 1 1 y r r 1 y r c .  .  .  .
sy1 2 sy1 2 sy12q 2 r 1 y r q 1 y r y 1 q r . .  .  .
 .  .E Now we shall prove Lemma b in the case when 1 F p F 2, i.e.,
1r2 F s F 1. We may assume that c - 1. In the limiting case the result is
. w xdeduced by letting c ª 1. Then the function f is continuous on 0, c and
 .  .twice differentiable on 0, c and therefore, by D , it suffices to prove that
 .h r G 0 for 0 F r F c.
Since s y 1 F 0 and cy2 ) 1 we have
s y 1 1 y r 2cy2 G s y 1 1 y r 2 .  .  .  .
and hence
sy1 2 sy1 2 sy12h r G 2 2 s y 1 1 y r q 1 y r y 1 q r . .  .  .  .  .
Thus it remains to prove that
2 sy1 2 sy1A r [ 1 q r y 1 y r .  .  .
sy12F 2 2 s y 1 r 1 y r \ B r , 0 - r - 1, .  .  .
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 .  .  .  .which will follow from the inequality A9 r FB9 r because A 0 sB 0 s
2y2 s 0. To prove this we use the concavity of the function u ¬ u note that
.0 F 2 y 2 s F 1 . We have
2y2 s 2y2 s1 1 1
A9 r r2 s 2 s y 1 q .  .  /  /2 1 q r 1 y r
2y2 s1 1 1
F 2 s y 1 q .  /2 1 q r 1 y r
2 sy22s 2 s y 1 1 y r . .  .
 .The inequality 2 s y 1 G 0 is also used. Using Bernoulli's inequality in
 2 . s 2the form 1 y r F 1 y sr we obtain
sy22 2A9 r r2 F 2 s y 1 1 y r 1 y sr .  .  .  .
sy22 2F 2 s y 1 1 y r 1 y 2 s y 1 r .  .  . .
s B9 r r2, .
which was to be proved.
 .In proving part c of the Lemma, i.e., the concavity of F for p ) 2, wep
proceed in the same way as above. We only have to use the convexity of
2y2 s  .the function u ¬ u in this case we have 2 y 2 s - 0 . We omit the
details.
 .  .F Let p - 1, i.e., 0 - s - 1r2. We write h r as
sy22 2h r s 2 r 1 y r 2 s y 1 q kr .  .  .
2 sy1 2 sy1q 1 y r y 1 q r , .  .
where
k s 2 y 2 s cy2 y 1. .
y2  .Since c G 2 y 2 s G 3r2 y s we have
k G 1 y s 3 y 2 s y 1 s 1 y 2 s 2 y s . .  .  .  .
On the other hand, the function
2 sy1 2 sy1
w r s 1 y r y 1 q r 0 F r - 1 .  .  .  .
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is convex and hence
w r G w 0 q w9 0 r s 2 1 y 2 s r . .  .  .  .
Combining these inequalities we get
sy22 2h r G y2 1 y 2 s r 1 y r 1 y 2 y s r .  .  .  . .
q 2 1 y 2 s r . .
 2 .2ys  . 2Finally, since 1 y r G 1 y 2 y s r , i.e.,
sy22 21 y r 1 y 2 y s r F 1, .  . .
 .and since 1 y 2 s ) 0, we get h r G 0. This completes the proof of
 .assertion b of Lemma.
 .  .G It remains to prove that F u, ¨ increases with u and ¨ . Sincep
F is homogeneous and symmetric it suffices to prove that the functionp
 .  .c t s F t, 1 is increasing for t G 0. If p ) 2, this follows from the factp
that c is concave and positive. If 0 - p F 2, then c is convex and
 .  .therefore it is increasing provided c 9 0 G 0. To show this we write c t as
s ss ’ ’c t s 1 q t q 2c t q 1 q t y 2c t .  .  .
s 2 q 2 st q 4c2s s y 1 t q o t t ª 0 . .  .  .
 . 1r sw  . 2 xHence c 9 0 s 2 1 y 2 y p c G 0, which completes the proof of the
lemma.
< < ’Remark 2. The condition Re w F 1r 2 y p is necessary for the
 .function F u, ¨ to be ``increasing'' but it is not necessary for the convex-p
ity of F . A necessary and sufficient condition for the convexity of F ,p p
when 0 - p - 1, is
1r26
< <Re w F . 5 .
3 y p p q 2 .  .
 .  .That 5 is necessary follows from the MacLaurint expansion of h r . In
the opposite direction we use the inequalities
2 sy1 2 sy1 2 sy1 2 sy13 51yr y 1qr G2 1y2 s ry2 r q r G0, .  .  .  /  /3 5
2ys 2 y s2 2 41 y r G 1 y 2 y s r q r .  .  /2
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to obtain, after elementary but long computation, an inequality of the form
2ys2 5 7 9h r 1 y r G a r q a r q a r , .  . 1 2 3
where a , a , a ) 0.1 2 3
 .  .It is interesting that the quantity on the right of 5 , denote it by K p ,
 .’attains its minimum, 24r25 , for p s 1r2. Also we have that K p ª 1
as p ª 0, which agrees with the trivial fact that the function
< 2 < y2r pu , ¨ ¬ u y w ¨ s lim 2 F u , ¨ .  .p
pª0
is convex for all w.
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